Levitated particles are a promising platform for precision sensing of external perturbations and probing the boundary between quantum and classical worlds. A critical obstacle for these applications is the difficulty of generating nonclassical states of motion which have not been realized so far. Here, we show that squeezing of the motion of a levitated particle below the vacuum level is feasible with available experimental parameters. Using amplitude modulation of the trapping beam and coherent scattering of trapping photons into a cavity mode, we explore several strategies to achieve strong phase-sensitive suppression of mechanical fluctuations and discuss conditions for preparing nonclassical mechanical squeezing. Our results pave the way to full optomechanical control of levitated particles in the quantum regime.
Introduction.-Cavity optomechanics [1] , in which optical fields interact with mechanical elements via radiation pressure, has a tremendous potential for sensing of weak forces [2] [3] [4] and testing fundamental physical theories [5, 6] . Particularly levitated nanoparticles [7] [8] [9] represent-owing to lack of clamping lossesan interesting platform for metrology [10] [11] [12] , thermodynamics [13, 14] , and probing the quantum-classical boundary [15, 16] or other fundamental theories [17, 18] . Experimental techniques for cooling [19] [20] [21] [22] [23] and thermal squeezing [24] of their center-of-mass motion, as well as for controlling their rotations [25, 26] and libration [27, 28] , have been firmly established. Despite these efforts and results, genuinely nonclassical states of motion of levitated particles remain elusive.
Here, we propose techniques for achieving mechanical squeezing with levitated particles and show that quantum squeezing (i.e., squeezing below the vacuum level) is feasible with state-of-the-art systems using parametric and dissipative squeezing. Both techniques have been known in the field of optomechanics for some time [29] [30] [31] and have successfully been used to generate nonclassical mechanical states [32] [33] [34] ; crucially, they do not rely on nonlinearities [35] [36] [37] or conditional evolution [38, 39] , which makes them particularly attractive for experiments. We show that parametric squeezing is particularly advantageous for levitated systems where it enables direct modulation of the mechanical frequency. In addition, combining parametric and dissipative squeezing in a single system enables stronger suppression of mechanical fluctuations than either technique alone.
In our proposals, we employ coherent scattering of the trapping beam into an empty cavity mode [40, 41] instead of the usual dispersive optomechanical interaction. This technique has, so far, been used to cool the motion of trapped ions [42] and, recently, levitated particles [43, 44] ; we show that it can be used for more advanced control of mechanical motion. In our case, amplitude modulation of the trapping field results in modulation of both the trapping potential and optical spring, resulting in strong parametric oscillations of motion with a low instability threshold, allowing strong mechanical squeezing to be generated. Furthermore, as coherent scattering enables all mechanical modes to be coupled to the same cavity mode, our results can be generalized to multiple dimensions, serving as a first step towards complex nonclassical states of the motion of levitated particles.
Model.-The system is depicted in Fig. 1(a) . A nanoparticle is trapped in an optical tweezer and placed in a cavity; scattering of tweezer photons off of the particle into the cavity mode gives rise to optomechanical interaction as described by Gonzalez-Ballestero et al. [41] . The interaction Hamiltonian is related to the electric field at the particle position R via
, where α is the particle polarizability. The electric field E(R) = E cav (R) + E tw (R) consists of two components describing the field inside the cavity and of the tweezer, respectively. The square of the cavity field, E 2 cav (R), gives rise to the usual dispersive optomechanical coupling which we neglect in the following since it is much weaker than the coupling mediated by coherent scattering. The square of the tweezer field, E 2 tw (R), describes the trapping potential which is-for small displacements-harmonic. Finally, their cross term, E cav (R) · E tw (R), describes coherent scattering.
In general, all three center-of-mass modes of the particle will be coupled to the cavity field by coherent scattering. We will, however, focus on one motional mode only; the remaining mechanical modes can be decoupled from the cavity field by using suitable polarization of the tweezer and positioning of the particle within the standing wave of the cavity. In this regime, the dynamics are described by the Hamiltonian (see Supplemental Material for details [45] ; = 1)
Here, the free evolution of the cavity mode c is written in a frame rotating with the tweezer frequency and ∆ = ω cav − ω tw is the detuning between the cavity resonance ω cav and the tweezer frequency ω tw . The particle is confined in a harmonic trap with frequency ω m and its motion is described by the dimensionless position and momentum quadratures with [x, p] = i. Finally, their interaction takes a form reminiscent of the standard linearized dispersive optomechanical coupling and is characterized by the rate λ. To account for decoherence effects, we describe the dynamics using Langevin equationṡ
with cavity decay rate κ and mechanical damping rate γ. The stochastic noise operator c in is the usual deltacorrelated cavity input vacuum noise, c in (t)c † in (t ) = δ(t − t ), and the thermal noise operator ξ satisfies ξ(t)ξ(t ) = 2γ(2n + 1)δ(t − t ) withn characterizing the average thermal occupation of the mechanical bath.
Adiabatic elimination of cavity dynamics.-As a first step, we assume a simple scenario where the cavity detuning is large compared to other system parameters. In this regime, the cavity remains unpopulated and only indirectly affects the mechanical motion; it can thus be adiabatically eliminated from the dynamics. The particle motion is then characterized by the effective Hamiltonian
. The interaction with a far-detuned cavity field thus turns the particle into a parametric oscillator. The adiabatic elimination also reveals the effect of the cavity input vacuum noise; its role is found from the Langevin equatioṅ (3) where we introduced the noise quadratures [45] . In the limit of large 6 ,n = 10 4 , ∆ = 5ωm; these values correspond to the parameters in recent experiments on cooling by coherent scattering [43, 44] except for a smaller cavity decay rate (by a factor of 5 compared to Ref. [43] ) which is necessary to limit cavity input noise. (b) Squeezing plotted for coupling at the instability threshold λ th ≈ 1.15815ωm (solid lines); the dashed lines show the squeezing degree and squeezed variance for coupling just below the threshold, λ/ωm = 1.58. (c) Squeezed variance optimized over time as a function of the initial temperature of the mechanical mode for the parameters from panel (a) (solid line) and at the instability threshold (dashed). The initial mechanical state is the thermal state with variance V0 = 2n0 + 1; in panels (a,b), we assume precooling to the mechanical ground state,n0 = 0. The horizontal dotted lines in all panels show the vacuum variance.
detuning, ∆ κ, the coupling to the cavity input noise can thus be approximated by the term (2λ
To find the resulting squeezing, we solve the Lyapunov equation for the covariance matrix of the mechanical mode as described in the Supplemental Material [45] . We thus obtain the covariance matrix at any given time; diagonalization of the submatrix describing the mechanical covariances reveals the variance of the squeezed and antisqueezed quadratures, denoted by V sq , V asq . We then quantify the noise distribution by the ratio of the two quadratures (which we call the squeezing degree in the following), η = V sq /V asq , so that presence of squeezing corresponds to η < 1. To further distinguish between classical and quantum squeezing, we are also interested in the value of the squeezed variance V sq ; value below the vacuum level, V sq < 1, implies nonclassical squeezed states.
We plot the resulting squeezing versus time in Fig. 2  (a) ; the system parameters are similar to recent demonstrations of cooling via coherent scattering [43, 44] (see figure caption for details). Nonclassical squeezing puts extremely stringent conditions on the system parameters, requiring precooling the mechanical motion to its quan-tum ground state and stronger coupling than what is currently available. Stronger squeezing is generally possible with a larger coupling rate; the maximum is reached at the onset of dynamical instability [ Fig. 2(b) ]. This occurs when the first term on the right-hand side of Eq. (3) vanishes, which is achieved for λ th = ω m (κ 2 + ∆ 2 )/2∆. Up to this point, the squeezed variance (achieved in the middle of the first oscillation period) decreases with growing coupling, reaching its minimum at the onset of instability. Afterwards, the variance grows with time below threshold; above threshold, it reaches a quasistationary value. (Note that the squeezing degree is gradually decreasing; this implies that the antisqueezed variance continues to grow until the large fluctuations cause the particle to escape the trap.) The optimum squeezing as a function of the initial mechanical occupation is shown in Fig. 2(c) . Although quantum squeezing is generally possible, realistic experimental parameters (and realistic amounts of precooling) allow only for thermal squeezing with V sq > 1.
Trapping field modulation.-Strong parametric squeezing without added noise can be achieved when the mechanical spring constant is modulated at twice the mechanical frequency. This situation can be achieved when the amplitude of the trapping beam, E 0 (assumed constant so far), is modulated as E 0 (t) = E 0 [1+α cos(2ω m t+ φ)] with depth α ∈ R and phase φ. Moving to the rotating frame with respect to the free mechanical oscillations H m = 1 2 ω m (x 2 + p 2 ) and invoking the rotating wave approximation results in the parametric oscillations [45] . The strength of the parametric squeezing is now fully controlled by the modulation depth α.
Adiabatic elimination of the intracavity field (under the large-detuning assumption) now requires more care since the coupling is modulated as well, λ(t) = λ[1 + α cos(2ω m t + φ)]. Using the approach outlined in the Supplemental Material, we obtain the effective Hamiltonian [45] 
with effective frequency ω eff = [ω m ∆α 2 −2λ 2 (α+α 2 )]/4∆ and squeezing parameter ζ eff = α(ω m ∆ − 2λ
2 )/2∆. The optical input noise can be included in the dynamics via the effective Langevin equationṡ
Formally, the dynamics are similar to the previous case with two important distinctions: First, the modulation phase φ allows us to choose which mechanical quadra- ture will be squeezed, permitting squeezing in a quadrature which is minimally coupled to external noise sources. Second, parametric modulation of the mechanical frequency allows, owing to the reduced effective mechanical frequency, for stronger squeezing to be observed.
The resulting squeezing is investigated in Fig. 3 . A comparison of the effective mechanical frequency ω eff and squeezing ζ eff [panel (a)] reveals the advantage of using tweezer modulation: a greatly reduced instability threshold. With feasible experimental parameters [equal to those used in Fig. 2(a) ], the instability (characterized by |ω eff | = ζ eff ) occurs for the modest modulation depth of α 0.037; this enables stronger squeezing as exemplified in panel (b). The optimum squeezing is further analyzed in panels (c,d) as a function of the initial temperature of the mechanical moden 0 and the modulation phase φ. Strong quantum squeezing is possible above the instability threshold for a broad range of initial temperatures owing to the strong quasistationary squeezing achievable. This result is, however, dependent on an optimization of the modulation phase φ which determines how the optical and mechanical input noise is distributed between the squeezed and antisqueezed quadratures.
Adding dissipative squeezing.-One final improvement is possible when the cavity mode is resonant, allowing more photons to be scattered. When we choose the detuning ∆ = ω m and work with a sideband resolved system (such that κ ω m ), the overall Hamiltonian becomes (with the cavity mode described in the rotating frame with respect to
Here, we introduced the mechanical Bogoliubov mode β = (2b + αb † )/ √ 4 − α 2 (with φ = 0 for simplicity; our numerical simulations show that the phase does not affect the resulting squeezing) and the effective coupling rate λ eff = λ (4 − α 2 )/8. The optomechanical interaction [the second term in Eq. (6)] thus cools the Bogoliubov mode β to its ground state [31] , resulting, unlike the two previous methods, in steady-state mechanical squeezing.
We analyze the attainable squeezing in Fig. 4 . When the modulation depth is increased [panel (a)], the amount of squeezing increases as the system approaches instability; at its onset, the squeezed variance is minimized. The squeezing degree η is largely unaffected by thermal noise; the squeezed variance V sq can, for sufficiently weak thermal noise, be smaller than (2 − α)/(2 + α), which is the value of V sq obtained by cooling the Bogoliubov mode β to its ground state. Additionally, the minimum variance shown here V sq,min ≈ 0.33 < 1 2 , demonstrating that the 3 dB limit, which applies to parametric squeezing in the steady state, can be surpassed as well. These results thus confirm that parametric and dissipative squeezing interfere constructively, resulting in stronger squeezing than can be achieved with each method alone. The optimum mechanical squeezing (i.e., squeezing obtained at the onset of instability) is further analyzed in Fig. 4(b,c) . The scheme is resilient against thermal noise with thermal decoherence rates of up to γn/ω m ≈ 0.1 allowing squeezing below the vacuum level [panel (b)]. Finally, there is a nontrivial dependence between the chosen coupling rate and optimal cavity decay rate [panel (c)]; larger coupling rates require faster cavity decay to achieve optimal cooling performance. The coupling rate is thus limited since we require a sideband resolved system, κ ω m , to justify the rotating wave approximation employed to obtain Eq. (6) .
Discussion and conclusions.-Similar results could, in principle, be achieved also with conventional dispersive optomechanics using modulation of the tweezer amplitude and two-tone driving of the cavity, but our approach offers several advantages: Since both the optical potential and optomechanical interaction are derived from the tweezer field, their relative phase-crucial for efficient squeezing-is automatically locked; additionally, absorption heating of the particle is reduced since a single optical beam provides both trapping and coupling to the cavity field. The most promising advantage, however, lies in the prospect of coupling multiple mechanical modes via their interaction with a single cavity mode. A straightforward generalization of our schemes should allow the creation of two-mode squeezing between two motional modes of the particle; in this context, we note that both parametric [47] and dissipative [48] two-mode me- chanical squeezing have been realized in optomechanical systems. In the long term, full quantum control of motion should be possible, first in the Gaussian (via linear coupling of all three motional modes to the same cavity mode) and later in the non-Gaussian regime (when nonlinear optomechanical interactions or mechanical potentials are added [49] [50] [51] [52] ).
In conclusion, we demonstrated that strong squeezing of motion of levitated particles is possible in state-of-theart systems. With a combination of parametric amplification (achievable by modulating the trapping beam) and dissipation (using a cavity mode to cool down a mechanical Bogoliubov mode), squeezing below the vacuum level is possible in the steady state; even stronger squeezing, albeit in the transient regime, is possible with parametric amplification alone. Unlike existing proposals, our unconditional strategy relies on coherent scattering of tweezer photons into the cavity [43, 44] , demonstrating the potential of coherent scattering as a general tool for controlling the motion of levitated particles. With the prospect of engineering interactions between mechanical modes via coherent scattering, our work thus presents an important step towards full quantum control of motion of levitated particles.
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The presence of squeezing is in general characterized by η = V sq /V asq < 1; nonclassical squeezing is present for V sq < 1.
